Abstract. Z.-W. Sun introduced three kinds of numbers:
Introduction
Inspired by the Schröder numbers in combinatorics, Z.-W. Sun [4] introduced the following two kinds of numbers
and proved many remarkable arithmetic properties of these numbers. For example, he proved that, for any odd prime p and positive integer n,
where · p denotes the Legendre symbol. The aim of this paper is to prove the following results. Theorem 1.1 Let n be a positive integer and p a prime. Then
, and S
Theorem 1.2 Let n be a positive integer and p a prime. Then
Let n be a positive integer and p a prime. Then
The congruences (1.2)-(1.4), and (1.6) were originally conjectured by Z.-W. Sun [4, Conjectures 5.5 and 5.6]. Note that, by establishing a lemma on sums of q-binomial coefficients, Z.-W. Sun himself could prove the congruences (1.4) and (1.6) modulo n.
The key idea in this paper is to find out new expressions of the sums No doubt that Zeilberger's algorithm (see [1, 3] ) will play an important role in our proof of Theorems 1.1-1.3. We shall give two proofs of (1.4), one of which also gives the following new congruence: is an integer (the kth Catalan number). We shall prove the congruence (1.2) by establishing the following identity:
where
It is clear that (2.1) holds for n = 1. It remains to show that
for all positive integers n. Define u n = 4nS n . Applying Zeilberger's algorithm, we find that the numbers u n satisfy the following recurrence:
It is interesting that we can deduce the following second-order recurrence for u n from (2.3):
n(n + 1)(n + 2)(4n + 3)(4n + 7)u n+2 − n(4n + 3)(4n + 11)(10n 2 + 30n + 23)u n+1
In fact, if we denote the left-hand sides of (2.3) and (2.4) by α n and β n , respectively, then we can easily check that
Therefore, by induction on n, we immediately get β n = 0, i.e., the recurrence (2.4) is true. Let v n = (n + 1) 2 f n − n 2 f n−1 . Then Zeilberger's algorithm gives the following relation:
(n + 2)(n + 3)(128n
Similarly as before, we can deduce the following simpler recurrence for v n from (2.6):
n(n + 1)(n + 2)(4n + 3)(4n + 7)v n+2 − n(4n + 3)(4n + 11)(10n 2 + 30n + 23)v n+1
by noticing that (4n + 11)(4n + 7)(n + 1)γ n + (128n
where γ n and δ n denote the left-hand sides of (2.6) and (2.7), respectively. Thus, we have proved that the sequences u n and v n satisfy the same recurrence (2.4) (i.e., (2.7)). Also, it is easy to verify that u n = v n for n = 1, 2. This proves that u n = v n for all positive integers. Namely, the identity (2.2) is true. This completes the proof.
Proof of (1.3). Letting n = p be a prime in (2.1), we obtain
It is easy to see that
The proof then follows from the following two congruences due to Pan and Sun [2, (1.4) and (1.16) with a = 0] (see also [5] ):
and the fact that
3 Proof of Theorem 1.2
We shall give two proofs of (1.4) by establishing two different identities.
First proof of (1.4). We want to show that
Let w n = (n + 1) 2 g n − n 2 g n−1 . Applying Zeilberger's algorithm, we find that s n and w n satisfy the same recurrence:
2 s n+3 − (11n 2 + 46n + 47)s n+2 + (19n 2 + 58n + 63)s n+1 − 9(n + 1)
Moreover, it is easy check that s n = w n for n = 1, 2, 3. This proves that s n = w n for all positive integers n. The identity (3.1) then follows from the fact that s 0 = g 0 = −1.
Second proof of (1.4). We shall prove that
We claim that the numbers s n satisfy a second-order recurrence:
(n + 2) 2 (8n + 5)s n+2 − (80n 3 + 234n 2 + 214n + 63)s n+1 + 9(n + 1)
Denote the left-hand sides of (3.2) and (3.4) by λ n and µ n , respectively. Then it is easy to verify that (8n + 13)λ n + µ n+1 − µ n = 0, which leads to (3.4) by induction on n. Let
, and x n = (n + 1) 2 h n − n 2 h n−1 . Applying Zeilberger's algorithm for x n , we obtain (n + 3) 
Similarly as before, the numbers x n also satisfy a simpler recurrence:
(n + 2) 2 (8n + 5)x n+2 − (80n 3 + 234n 2 + 214n + 63)x n+1 + 9(n + 1) 2 (8n + 13)x n = 0, (3.6) since (8n + 13)ν n − (4n + 15)(512n 3 + 2752n 2 + 4504n + 2069)τ n+1
where ν n and τ n denote the left-hand sides of (3.5) and (3.6), respectively. Thus, we have proved that s n and x n satisfy the same recurrence (3.4) (i.e., (3.6)). The proof of (3.3) then follows from the fact that s 1 = x 1 and s 2 = x 2 .
Note that gcd(n 2 , 4n − 1) = 1 and 2k + 1 k
is an integer. The identity (3.3) immediately implies that both (1.4) and (1.8) hold.
Proof of (1.5). Letting n = p be a prime in (3.1), we get
The proof then follows from the congruences (2.10) and (2.11).
Proof of Theorem 1.3
Proof of (1.6). We need to prove the following identity: 
where ξ n and η n denote the left-hand sides of (4.2) and (4.3), respectively. Denote the right-hand side of (4.1) by n 2 e n−1 , and let y n = (n + 1) 2 e n − n 2 e n−1 . Applying Zeilberger's algorithm for y n , we obtain (n + 3) 
where ζ n and σ n denote the left-hand sides of (4.4) and (4.3) (with S + n replaced by y n and so on), respectively. (4.1). Noticing that S + n = y n for n = 1, 2 and S + 0 = 1, we complete the proof.
Proof of (1.7). Letting n = p be a prime in (4.1), we have The proof then follows from the congruences (2.9)-(2.11).
Concluding remarks and open problems
It is worth mentioning that Z.-W. Sun [4, Conjecture 5 .7] also gave an interesting qanalogue of (1.4). We hope that our proof of (1.4) will give some hints to tackle this q-analogue. It seems that the congruences (1.2) and (1.6) can be further generalized as follows. Let Numerical calculation suggests the following conjectures.
